We analyze the low energy NN interaction by extracting threshold parameters from the coupled channel effective range expansion up to j ≤ 5. The statistical uncertainties are propagated from a previous Monte Carlo bootstrap approach. To give an estimate of the systematic uncertainties we consider six high quality potentials. We find that systematic uncertainties are typically an order of magnitude larger than statistical uncertainties. PACS numbers: 03.65.Nk,11.10.Gh,13.75.Cs,21.30.Fe,21.45 The NN scattering amplitude contains 10 independent functions of energy and angle and a complete set of experiments is needed to determine it [1] . The usefulness of polarization was soon realized [2] as well as the strong unitarity constraints on the uniqueness of the solution [3, 4] (see [5] for an analytical solution). Unfortunately, complete sets of measurements are scarce at the energies relevant to nuclear structure applications, corresponding to energies below pion production threshold. As a consequence a partial wave analysis (PWA) in conjunction with the standard least squares χ 2 -method is usually pursued and a set of measured scattering observables at given discrete energy and angle values are fitted. This incomplete and discretized experimental information requires using smooth interpolating energy dependent functions for the scattering matrix in all partial waves. Alternatively, quantum mechanical potentials with proper long distance behaviour generate analytical energy dependence with the adequate cutstructure in the complex energy plane. This approach is subjected to inverse scattering off-shell ambiguities [6] as the potential contains generically 10 matrix functions [7] , manifesting themselves as a systematic uncertainty in the observables at the interpolated, not directly measured, energy values. If one fixes a maximum energy for the PWA the ambiguities reflect the finite spatial resolution corresponding to the shortest de Broglie wavelength below which the interaction is not determined by the data. Thus, we might expect that in the long wavelength limit systematic uncertainties will be greatly reduced. A major finding of our present work, which comes as a surprise, is that even in the low energy limit these systematic uncertainties dominate over the statistical uncertainties arising directly from the finite experimental accuracy. Our work can be framed within the currently growing efforts to realistically pin down the existing uncertainties stemming from different sources in nuclear physics [8, 9] .
The NN scattering amplitude contains 10 independent functions of energy and angle and a complete set of experiments is needed to determine it [1] . The usefulness of polarization was soon realized [2] as well as the strong unitarity constraints on the uniqueness of the solution [3, 4] (see [5] for an analytical solution). Unfortunately, complete sets of measurements are scarce at the energies relevant to nuclear structure applications, corresponding to energies below pion production threshold. As a consequence a partial wave analysis (PWA) in conjunction with the standard least squares χ 2 -method is usually pursued and a set of measured scattering observables at given discrete energy and angle values are fitted. This incomplete and discretized experimental information requires using smooth interpolating energy dependent functions for the scattering matrix in all partial waves. Alternatively, quantum mechanical potentials with proper long distance behaviour generate analytical energy dependence with the adequate cutstructure in the complex energy plane. This approach is subjected to inverse scattering off-shell ambiguities [6] as the potential contains generically 10 matrix functions [7] , manifesting themselves as a systematic uncertainty in the observables at the interpolated, not directly measured, energy values. If one fixes a maximum energy for the PWA the ambiguities reflect the finite spatial resolution corresponding to the shortest de Broglie wavelength below which the interaction is not determined by the data. Thus, we might expect that in the long wavelength limit systematic uncertainties will be greatly reduced. A major finding of our present work, which comes as a surprise, is that even in the low energy limit these systematic uncertainties dominate over the statistical uncertainties arising directly from the finite experimental accuracy. Our work can be framed within the currently growing efforts to realistically pin down the existing uncertainties stemming from different sources in nuclear physics [8, 9] .
The description of NN scattering data by phenomenological potentials started in the mid-fifties [10] and has been pursued ever since (see [11] and references therein for a pre-nineties review). However a successful fit, determined by the merit figure χ 2 /ν ∼ 1, was not achieved until 1993 when the Nijmegen group introduced in this context the 3σ criterion to statistically reject data with an improbably high or improbably low χ 2 value. After this, several potentials describing data up to a laboratory frame energy of 350 MeV were developed with similar χ 2 /ν values. All of them include the distinguished charge dependent one pion exchange (OPE) as the long range part of the interaction, and around 40 parameters for the short and intermediate range regions [12] [13] [14] [15] [16] . These OPE-tailed potentials with χ 2 /ν 1 have played a major role in nuclear physics. In a recent paper we have updated the PWA by including data up to 2013, improving after [16] the 3σ criterion to select a self-consistent database with N = 6713 np and pp scattering data and providing statistical error bars to the fitting parameters [17, 18] . The delta-shell (DS) representation of the potential allowed the propagation of statistical uncertainties from the scattering data into potential parameters, phase shifts, scattering amplitudes and deuteron properties. This was possible due to the simplification in calculating the Hessian matrix. Subsequently, we have extended DS potential including chiral two pion exchange (χTPE) in the intermediate and long range regions [19, 20] . We also introduced a local and smooth potential parametrized as a sum of Gaussian functions with OPE [21] . Our potentials incorporate the appropriate propagation of statistical uncertainties. This has been posible because the residuals of our fit are a precisely normal distributed data set. This requirement of the χ 2 method, has been verified a posteriori with a high confidence level. We stress that a lack of normality in the residuals would strongly suggest the presence of systematic uncertainties in the analysis, disallowing the propagation of statistical errors. In our case, where normality is inequivocally fulfilled, we have propagated statistical uncertainties by applying the bootstrapp Monte Carlo method directly to the experimental data [23] , which simulates an ensemble of conceivable experiments based on the experimental uncertainties estimates. A similar method has succesfully been applied to estimate the statistical uncertainty in the triton binding energy [24] .
As already mentioned, in the absence of complete sets of measurements one must resort to potentials to carry out the PWA. Since the form of the potential is chosen and fixed a priori, the analysis of NN scatering data is subjected to inverse scattering ambiguities which are amplified as the energy increases. Therefore one expects lowest energy information to be more universal and thus we use the effective range expansion (ERE) [25] as the suitable tool. Although for S-waves the calculation of the low energy threshold parameters is straightforward for NN potentials, their calculation for higher and coupled channel partial waves is a computational challenge. Using Calogero's variable phase approach to the full S-matrix [26] they have only been calculated for the Reid93 and NijmII potentials up to j ≤ 5 [27] . Here we determine for the first time the statistical uncertainties of the low energy threshold parameters.
In the well known case of central waves 1 S 0 and 3 S 1 the ERE is given by
where k is the center of mass momentum, δ 0 is the corresponding partial wave phase-shifts, α 0 is the scattering length, r 0 is the effective range and v i are known as the curvature parameters. The generalization to N-coupled partial waves with angular momenta (l 1 , · · · , l N ) can be done by introducing theM matrix defined as
where S is the usual unitary S-matrix and
where a, r and v i are the coupled channel generalizations of α 0 , r 0 and v i respectively. Due to nπ exchangeM(k) has branch cuts at k = ±inm π /2, and thus the ERE converges for |k| < m π /2 or E LAB 10MeV. Conversely, the ERE to finite order does not allow to reconstruct the full functions in the complex plane without the explicit cut structure information. The calculation of the low energy threshold parameters with a DS potential is very similar to the calculation of phase-shifts detailed in the appendix B of [18] and is also the discrete analogous of the variable S matrix method of [27] . The variable-M(R, k) matrix equation is given by
where R is the upper limit in the variable-phase equation,
and U(R) is the reduced potential matrix. These are coupled non-linear differential equations which may become stiff in the presence of singularities in which case many integration points would be needed. For a discussion of these equations and their singularities in connection to the renormalization group and their fixed point structure see Ref. [28] [29] [30] . The coarse graining idea comes here to rescue. Actually, when substituting a DS potential, U(R) = ∑ i Λ i δ (R − r i ), in Eq. (4) a recurrence relation is obtained between the value of theM on the left and right side of each concentration radii r î
Taking the low energy expansion of Eq. (3) with the corresponding ones for A k and B k
is possible to obtain a recurrence relation for each matrix in Eq. (3). The first two lowest order expansions are given by
These recursive equations are reversible, i.e. going upward and downward are inverse operations of each other on the discrete radial grid. They appeared for S-waves in Ref. [31] for the scattering length and the effective range. The initial condition corresponds to taking a trivial solution. A good feature of these discretized variable phase-like equations is that they jump over singularities as the DS-potential samples the integration step according to the maximum resolution dictated by the shortest de Broglie wavelength, ∆r ∼ 0.5fm. Table I shows the low energy np threshold parameters of all partial waves with j ≤ 5 for the DS-OPE potential presented in [17, 18] . To propagate statistical uncertainties we take our recent Monte Carlo bootstrap to NN data [23] , where the family of potential parameters is replicated 1020 times, and take the mean and standard deviation as the central value and 1σ confidence interval respectively. It is very important to note that even though the threshold parameters encode the low energy structure of the NN interaction the statistical uncertainties are propagated from scattering data up to 350MeV. This approach encodes the high accuracy of a full-fledged PWA into a model independent low energy representation featured by the ERE. As we see the statistical precision is very high. [17, 18] . The central value and statistical error bars correspond to the mean and standard deviation of a population of 1020 parameters calculated with the Monte Carlo family of potential parameters described in [23] . For each partial wave we show the scattering length α, the effective range r 0 and the curvature parameters v 2 , v 3 and v 4 . For the coupled channels we use the nuclear bar parametrization of the S matrix. The units are in powers of femtometers determined by the orbital angular momentum quantum numbers l and l ′ of each partial wave We turn now to estimate the systematic uncertainty. Even though several phenomenological potentials can reproduce their contemporary NN scattering database, discrepancies have been found when comparing the phase-shifts [32, 33] . These discrepancies account for the systematic uncertainties of the NN interaction, which reproduces the same data with different representations of the potential. Although the propagation of systematic uncertainties is not as direct as the statistical one, we observe that differences in phase-shifts tend to be at least an order of magnitude larger than the statistical error bars [19] [20] [21] . A similar trend is found when comparing scattering amplitudes and Skyrme coefficients or counterterms in different partial waves [22] . To estimate the systematic uncertainties of the NN interaction at low energies we take different realistic potentials and compare their low energy threshold parameters. Any estimate of the systematic errors based on variations of the potential form or possible radial dependences will provide a lower bound to the uncertainties. Specifically we take six realistic local potentials NijmII [13] , Reid93 [13] , AV18 [14] , DS-OPE [17, 18] , DS-χTPE [19, 20] and Gauss-OPE [21] . The values for the NijmII [13] , Reid93 [13] have been determined already [27] , whereas the remaining ones are determined here. Our results are presented in Table II which shows the mean and standard deviation of the low energy threshold parameters of the six local potentials. Comparison of Tables II and I clearly shows that the main uncertainty in the low energy parameters is due to the different representations or choices of high quality potential and not to the propagation of experimental uncertainties used to fix the most-likely potential chosen for the least squares χ 2 -analysis.
To summarize, we have calculated the low energy threshold parameters of the coupled channel effective range expansion for all partial waves with j ≤ 5. Statistical uncertainties are propagated via the bootstrap method [23] where a family of DS-OPE potential parameters is fitted after experimental data are replicated. We also made a first estimate of the systematic uncertainties of the NN interaction by taking six different realistic potentials (i.e. with χ 2 /ν 1) and calculating the low energy threshold parameters with each of them. In accordance with preliminary estimates [32, 33] , the systematic uncertainties tend to be at least an order of magnitude larger than the statistical ones. The present results encode the full PWA at low energies and have some impact in ab initio nuclear structure calculations in nuclear physics. They could also be used as a starting point to the determination and error propagation of low energy interactions with the proper long distance behaviour in addition to the universal One Pion Exchange interaction.
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